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Abstract: We perform a detailed test of the quantum integrability of the AdS^ x S 5 
superstring in uniform light-cone gauge in its near plane- wave limit. For this we 
establish the form of the general nested light-cone Bethe equations for the quantum 
string from the long range psu(2, 2(4) Bethe equations of Beisert and Staudacher. 
Moreover the scheme for translating excited string states into Bethe root excitations 
is given. We then confront the direct perturbative diagonalization of the light-cone 
string Hamiltonian in the near plane-wave limit with the energy spectrum obtained 
from the general nested light-cone Bethe equations in various higher rank sectors. 
The analysis is performed both analytically and numerically up to the level of six 
impurity states and subsectors of maximal rank four. We find perfect agreement 
in all cases lending strong support to the quantum integrability of the AdS^ x S 5 
superstring. 
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1. Introduction 

Determining the spectrum of the type IIB superstring on the maximally supersym- 
metric AdS§ x S 5 background |TJ] is of great interest, both in view of the AdS/CFT 
correspondence |§ and as a problem in its own right within string theory. The string 
spectrum should be equivalent to the spectrum of scaling dimensions of local com- 
posite operators in the dual M = 4, U(N) super Yang-Mills theory in the 't Hooft 
limit. 

In the last four years tremendous progress on this question has been made upon 
exploiting the assumed property of integrablility in the system, following the pioneer- 
ing work of Minahan and Zarembo 1 . Here progress was largely driven by advances 
on the gauge theory side, where it is possible to map the perturbative spectral prob- 
lem to the diagonalization of a corresponding super spin chain ||. Building upon 
one-loop studies || this finally led to the construction of a set of nested, asymptotic 
all- loop Bethe equations for the full model . Moreover the underlying symmetry of 
the supergroup PS77(2, 2|4) was shown to determine the S-matrix || of the system 
up to an overall phase or dressing factor || . As argued by Janik this abelian dressing 
factor can be constrained by crossing-invariance |]10| pointing towards an underlying 



Hopf algebraic structure JlT|]. Recently a proposal for the full dressing factor was 
made |12| which remarkably agrees with the findings of an independent four loop 
computation |TT3| in the gauge theory. 

Compared to these advances our understanding of the string side of the corre- 
spondence is less developed to date. The sigma-model describing the AdS 5 x S 5 string 
is an integrable model |14| at the classical level and one certainly hopes this to remain 



true also in the quantum theory. In |15| a solitonic solution of the classical string was 
identified as the dual object to the spin chain magnon, reproducing the spin chain 
dispersion relation in the strong t 'Hooft coupling limit. While it is unclear at present 
how to attack an exact quantization of the AdS§ x S 5 string, the problem is feasible 
upon consideration of suitable limits of the background geometry and perturbative 
expansions around them. The most prominent example is the Penrose limit to a 



For reviews see 
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plane- wave background [16], where the string sigma model becomes a free massive 
theory on the worldsheet. Here the first corrections to the plane- wave geometry can 
be treated perturbatively and the leading corrections to the plane-wave spectrum 



was established in a series of papers [17, 19 1. Moreover Arutyunov, Frolov and 
Staudacher |H| showed that these corrections are reproduced from a set of quantum 
string Bethe equations in certain rank one subsectors, which have also been gener- 
alized to the full model in J7J. A central question in the analysis of the AdS$ x S 5 
superstring is that of a convenient gauge choice for the worldsheet diffeomorphisms 
and kappa symmetry. Building upon previous studies in reduced subsectors |22|, |23| it 
was realized in [24] that a uniform light-cone gauge employing the sum and difference 
of the global time coordinate and an angle on the S 5 as light-cone coordinates, along 
with a suitable kappa-symmetry gauge, simplifies the problem considerably. In that 
paper the exact light-cone Hamiltonian of the AdS$ x S 5 string was established and 
the near plane-wave limit was performed, i.e. the limit of large light-cone momentum 
P + with \f\/P + held fixed. The resulting corrections at leading order 1/P+ in the 
light-cone energy were established and a set of "light-cone" Bethe equations was pro- 
posed, which reproduced these energy shifts in the rank one subsectors su(2), sl(2) 
and su(l|l). Curiously, the form of these Bethe equations is simpler than the gauge 
theory inspired ones pl|| in that they come with a dressing factor equal to unity. This 
statement is expected to hold, of course, only modulo unexplored terms at higher 
order in 1/P+. The residual symmetry structure of the light-cone gauged superstring 
was investigated in JZIj) and in assuming integrability a Zamolodchikov-Fadeev 
algebra was introduced for the superstring. 

One aim of the present paper is to clarify the connection of the light-cone Bethe 
equations to the "standard" gauge theory inspired Bethe equations of |21| and its 
generalization to the full higher rank system |7j including the latest dressing fac- 
tor. The set of nested light-cone Bethe equations for general excitations of the near 
plane-wave superstring is derived and the translation scheme from string oscillator 
excitations to Bethe root excitations is given. The energy shifts obtained from solv- 
ing the nested light-cone Bethe equations is confronted with the results of an explicit 
diagonalization of the interacting near-plane wave Hamiltonian at leading order per- 
turbation theory. This analysis is performed in higher rank subsectors of su(l|2), 
su(l, 1|2) and su(2|3) analytically for lower excitation numbers and numerically for 
up to six excitations. Perfect agreement is found in all cases, thus constituting a 
strong check of the quantum integrability of the AdS§ x S 5 superstring. If true the 
spectrum of the AdS 5 x S 5 superstring - at least in the long string limit P + 3> 1 
with all orders in a 1/P+ expansion included - should be given by the solutions of 
the general nested light-cone Bethe equations augmented by the conjectured dressing 
phase of fT2|[ . 

Our analysis is complementary to the direct computation of the worldsheet S- 
matrix reported in P7[ , see also P3. In the emergence of the two particle S- 
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matrix of Beisert |J at leading order in 1/P+ was confirmed, which is known to lead 
to the nested asymptotic Bethe equations of 0. This finding is a necessary but not 
sufficient condition for the integrability of the quantum AdS^ x S 5 superstring, which 
would imply factorization of multi-particle scattering and the absence of particle 
production. Indeed the factorization of three particle scattering in the bosonic sector 
was demonstrated in the S-matrix approach of |27||. Our paper now provides a 
stringent test of the factorization property in larger sectors and at higher particle 
excitation numbers. 

The plan of the paper is as follows. We begin by recalling the necessary facts of 
the uniform light-cone gauged AdS*> x S 5 superstring in the near plane wave limit 
in chapter two. Chapter three is then devoted to the derivation of the nested light- 
cone Bethe equations for the full excitation structure. Moreover we present a string 
oscillator/Dynkin node excitation dictionary to translate the string into the Bethe 
equation language. In chapter four we discuss the large P + limit of this set of nested 
equations and present the emerging coupled polynomial equations for the Bethe roots 
which need to be solved. Explicit solutions are carried out for a number of subsectors 
and impurity numbers up to six (both with distinct and confluent mode numbers) 
in chapter five. The computations on the string side have been relegated to the 
appendix. 



2. The Superstring on AdS 5 x S 5 

2.1 Hamiltonian in uniform light-cone gauge 

In [24[] an exact gauge fixed Lagrangian of the Green-Schwarz Superstring on an 
AdSs x S 5 background was constructed in the uniform light-cone gauge |22], |23|| . The 
associated light-cone Hamiltonian is given by TC = —P where P± := J ± E. Here J 
denotes the angular momentum on S 5 and E the global space-time energy. 

Due to its nonlinearity an exact quantization of this system is unknown, nev- 
ertheless the Hamiltonian of allows for a perturbative quantization in the near 
plane wave limit, where P + is taken to be large with A := held fixed. Using this 
approach the quantized perturbative Hamiltonian has been computed up to next-to- 
leading order in a 1/P+ expansion 

n =n 2 + + o{p- 2 ) (2.i) 

The dynamical fields are given by the transverse eight fermionic and eight bosonic 
fields. We will use the following decomposition of the eight complex bosonic fields 
Z a , Y a and their corresponding canonical momenta P*, P% following the conventions 
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Y n 



\P^a,n ^5— a,— n) 



n 



where the frequency u n is defined as 



P Z a{r,a)=Y j e ma PUr) 



/u, 



a,n 2 



py 

a.n 



1 + An 2 . 



(2.2) 



(2-3) 



The decomposition has been chosen so that the creation and annihilation operators 
obey canonical commutation relations 



[ a a,n> «JJ = S a,b Sn,m = [P a ,n, Pb, m ] , ( 2 - 4 ) 

where a G {1,2,3,4} is the flavor index and n,m are the mode numbers which are 
subject to the level matching condition 

X>i = 0, (2.5) 

3=1 

where K± denotes the total number of excitations. The mode decompositions for the 
fermions 2 are: 



v(t,<t) 



e ma Vn(r) 



9(r,a) 



e ma e n {r) 



Vn =fnV~n + WnVn °n =fnO- n + ig n 9+ (2.6) 

With Tfc = Va,k T 5-a , Vk = Vlk T a , 0- = r]'k T 5-a , &t = Va,k T a ■ (2.7) 



Where the explicit representation of the Dirac matrices T a is given in ||24|| . The 
functions f m and g m above are defined as 



9n 



1 + uj„ 



fn 



X8) 



2 For the sake of completeness the mode decomposition of the 77-field is given in this chapter. 
It is not to be confused with the grading rji , r] 2 , which are used in section || to describe different 
choices of Dynkin diagrams for psu(2, 2|4) 
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Here k — ±1 is the arbitrary relative sign between kinetic and Wess-Zumino term in 
the worldsheet action. The anti-commutators between the fermionic mode operators 
are then 

0£n> Vb, m } = 5 a,b 5 n ,m = {9~ n , 0£ m } ■ ( 2 ' 9 ) 

Using this oscillator representation, the leading order Hamiltonian becomes 

H 2 = Y^ u n{0^ n 6~ n + r]a,nVa,n + Pa,nPa,n + a tn a a,n) ■ ( 2 -10) 



The first order correction to this Hamiltonian is given by |]24 

Hi = Hbb + T~tbf + 7~Lff(Q) ~ 7~Lff(v) 



(2.11) 



with 



A 



Hbb — -7(Y 5 - a Y a Z 5 - b Zb - Y 5 _ a Y a Z' 5 _ b Z' b + Z' 5 _ a Z' a Z 5 _ b Z b - Y^_ a Y^Y 5 _ b Y b ) 

(2.12) 



n 



bf 



A 

4 tr 



(Z 5 _ a Z a -Y 5 „ a Y a )(riS ' + 6*6') 
-Z' a Z b [T a , T b ] (V+(rrf - rfr?) - - 6*9)) 

+YXK, r 6 ] {-V-tfrf - v' ] v) ~ V+(99* - 6'tf)) 

Z a P b z )'[T a , F b ] (P+foV + rm) + V-{6W + 66)) 



IK 



IK 



(Y a P b y )'[T a , T b ] {V-tftf + rm) + v+(eW + 99)) 



+8iz a Y b (-r-T aV 'r b 9' + v+Y a eftv h Tp) 



A 



Ti.ff(rj) = — tr T§ (7/^777/' 77 + rfrj'rfi]' + rpryTprf + 7/777/77) 



(2.13) 
(2.14) 



This is the Hamiltonian for which we will determine the energy shifts 5P- of the 
free, degenerate eigenstates \ipo,n) with TC2 \ipo, n ) = — (-P-)o iV'o.n) by diagonalizing the 
matrix (VfynlH^Vfym)- These will then be compared to the energies resulting from 
the proposed light-cone Bethe equations. Due to the complexity of the Hamiltonian 
it is often hard to obtain analytical results for these energy shifts in larger sectors 
with more than a few number of excitations. We will then have to resort to numerical 
considerations. 



3. The light-cone Bethe equations for general sectors 

In an inspiring paper the long range gauge and string theory Bethe equations 
were proposed for the full psu(2, 2|4) sector. This proposal was based on a coordinate 
space, nested Bethe ansatz of the smaller su(l,l|2) sector, a construction later on 
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H generalized to su(2|3). See [£(J f° r a recent study of the problem employing the 
algebraic Bethe ansatz. We shall start our analysis from the full set of psu(2,2|4) 
Bethe equations proposed in in table 5 and adapt them to a language suitable for 
the light-cone gauge and large P + expansion performed in string theory [24]. This 
will set the basis for the subsequent comparison to the explicit diagonalization of the 
worldsheet Hamiltonian ( |2.11| ). 

The proposed set of Bethe equations for the spectral parameters of Beisert 
and Staudacher @ for the full model can be brought into the form 

K 4 + 

i=n^ (3.1) 



■l,k 



K 2 . K 3 +Kx . i 

T-T U 2 ,k ~ U 2 J ~ IT]! -|-r U 2 , k ~ U 3 J + ^1 ^ ^ 

J^T U^ k - U 2 j + |7ft -p| X A j ~ X 3:k 



X A 







V ~-»72 ^+»?2 1 _ n 2l(rr- ~+ \ ( 



T+ / J-l V „-T?2 _ +»?2 1 _ n 2/( T - T + 



^3 + ^1 „-»?l _ „ K 5 +K 7 -7?2 _ 

n x 4,fc x 3j T-r A 4fe A 5,j , 
r +m _ T 11 7^—— ( 3 - 4 ) 

1 = TT M5,fc ~ M6J ^ -H- x 4j ~ x 5,k ^ ^ 

K 6 . K 5 +K 7 . i 

f = i «6,fc - «6,j + Mfc M6,fc - U 5J — 5772 " 

In the above the variables itj & are defined by Ui k = %i.k + 9 2 — and the Bethe roots 
x Ut k come with the multiplicities 

x 2 ,fc : fc = 1, . . . , K 2 x 3ife : k = l,...,(K 1 + K 3 ) x^ k : fe = 1, . . . K 4 

x b)k : k = 1, . . . ,(K 5 + K 7 ) x 6ifc : fe = 1, . . . , K 6 (3.7) 

Moreover the spectral parameters x^ k are related to the magnon momenta p k via 



xt = i(cot|±,)(l + V /l + A sin2 |). (3 . 
and coupling constant g 2 is given by 



= Vx = VIp ± 

y An 8tt V ' 
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K x K 2 K 3 K 4 K 5 K 6 K 7 
{ M2 } = {+1,+1}: <g) — (g) — © — <g) — ® 

{r^} = {+1,-1}: (8) (8) <g) <8> © ® 

{i&,i»} = {-i.+i}: (8) — © — (8) — (8) — <8> — £>- 



{^,ih} = {-i,-i} : (8) — © — (8) — — © — © — <8> 

Figure 1: Four different choices of Dynkin diagrams of su(2,2|4) specified by the grading 
r/i and r/2. The signs in the white nodes indicate the sign of the diagonal elements of the 
Cartan matrix 



Note that we have chosen to write down the Bethe equations in a more compact 
"dynamically" transformed language. In order to convert (|3.1|) - (|3.6|) to the form 
found in table 5 of Beisert and Staudacher J/J one introduces the K\ resp. K 7 roots 
x\ y k and x-j y k by splitting off the 'upper' x^,k and x^k roots via 

%i,k ■= g 2 /x3,K 3 +k k = l,...K 1 x 7)k := g 2 /x 5i K B +k k = 1, . . . K 7 . (3.10) 

This coordinate renaming unfolds the equations associated to the fermionic roots 
( |3.2|) and ( |3.5| ) into two structurally new sets of K x and K 7 equations and removes 
the Ki and K 7 dependent exponent in the central equation (|3.4|). 

The first equation (|3.1| ) of the form we will be using is the cyclicity constraint on 
the total momentum of the spin chain. The following K2 + {Ki+K^)+K l i+{K^+K 7 )-\- 
K 6 equations in ( p.2|) -( p^6|) determine the sets of Bethe roots {x2,k, ^3,fc, xj fc , x^k, xq^}- 
Let us stress once more that it is only the combinations {K\ + K 3 ) and (K 5 + K 7 ) 
which enter in the Bethe equations. Moreover the gradings r]i and t/ 2 take the val- 
ues ±1 corresponding to four different choices of Dynkin diagrams for psu(2, 2|4) as 
discussed in see figure 1. 

These four different choices of diagrams can be traced back to the derivation 
of the nested Bethe ansatz in the su(l,l|2) sector in the gauge theory spin chain 
language. In this sector there are four distinct excitations placed on a vacuum of 
Z fields. These four excitations are the two bosonic X and T>Z fields and the two 
fermionic U and IA fields. In the nested Bethe ansatz one selects one out of these 
four excitations as a second effective vacuum of a shorter spin chain, after having 
eliminated all the sites Z from the original chain. Depending on this choice rji, 7/2 
take the values ±1. 

Finally, the undetermined function S$ in ( |3.4| ) is the famous scalar dressing factor 
which is conjectured to take the form Sq = S^x^jX^j) = e t ^ X4 ' k ' X4 <^ fl2l| , where 



9(xA,k,X4,j) = Yl Yl 1r(xt jk ) q s (xf tj ) - q r (xf :j ) q s (x^ k ) (3.11) 



=2 s=r+l 
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with the local conserved charge densities 

g r (x ± ) = ■ 
and to leading order 



1 



9 



r-l 



r-l 



X 



r-l 



Cr,s{g) = 9 



5, 



r+l,s 



0(l/g) 



(3.12) 



(3.13) 



In this paper, we shall only be interested in this leading order contribution, the AFS 
phase f2l |, where the phase factor may be summed [29| to yield 

Okj 



lx A 



F{xjxj 



+ {xj 



X i 



F{x k x- 



-(z+ - x k ) F(x k art) - ( Xj - x+) F(x+ Xj ) , 



with 



F(a) = (1- 9 -) log(l - 9 - 
a a 



(3.14) 



(3.15) 



The string oscillator excitations are characterized by the values of four U(l) charges 
(S + , S-, J + , J-) as introduced in [p5] . They are related to the two spins {Si, S2} 
on AdSs and two angular momenta { Ji, J2} on the S5 via S± = S\ ± S2 and J± = 
Ji ± J2. The relationship between these and the excitation numbers {K{\ in the 
Bethe equations are 3 



S + = 772 (K 5 + K 7 ) - 
S- = Vl (K, + K 3 ) - 
J + = -772 (K 5 + K 7 ) 
J_ = - Vl (K, + K 3 ) 



1 + 772)^6 + -(l-»72) Ka, 

:i+7 71 )ir 2 +i(i-77i)ir 4 , 

- (1 - 772) K 6 + ^(l + m )K 4 , 

-(1-^)^2 + 1(1+^)^4. 



Using these together with the (S+, S-, J + , J_) charge values for the string oscillators 
of table |S| (see also P5| ) we can construct the excitation pattern for each oscillator, 
see table 0. For example, the excitations in the su(l, 1|2) sector correspond to the 
following string oscillators, 



X 



a 



1 • 



vz = pf, u = e 



1 • 



u 



(3.16) 



These are the four fields which are picked out as a new vacuum in the smaller spin 
chains by specifying the values 4 of the gradings rji and f] 2 . The vacuum of Z fields 
corresponds to the string ground state |0) with charge J. 

3 To make a connection to |Q, we have J_ = q±, J+ — (72, S 1 - = si and S+ — S2- The two other 
charges, p and r are functions of the length of the spin chain, so in the large P+ limit these are 
infinite. 

4 The field that is picked as the second vacuum in the nested Bethe ansatz only excites the middle 
node of the Dynkin diagram, so one immediately sees from the table which combinations of the 
gradings correspond to which choice of vacuum. 
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1 





|(1 + 772) +0 
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1 + 1(1-772) 


-1 
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1(1 + 770 + 1 
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1 + 1(1-7/2) 


-1 








-1 



Table 1: The translation scheme of string oscillator excitations to the Dynkin node exci- 
tation numbers of the Bethe equations. We have also listed the space-time U(\) charges 
J± and S± of the string oscillators. From this table we easily see which operators represent 
the middle node for the different choices of gradings. That is, (7/1,771) = (+,+) : at, 
(-,+): 0+ (+,-): 77+ and (-,-):#. 



Let us stress that in the dictionary of table [I| a single string oscillator excitation 
does not corresponds to a single Dynkin node excitation, but rather to a five compo- 
nent excitation vector, with uniform K± = 1 entry. This is how the naive mismatch 
of 16 string oscillators versus 7 (or better 4) Dynkin node excitations is resolved: 
One should think of a string oscillator as being indexed by the space-time charge 
vector (£+, SL, J + , J J) or by the Dynkin vector (Ki + K 3 , K 2 , K 6 , K 5 + K 7 ). These 
two labelings are equivalent and the one-to-one map between them is given in ( |3.16| ). 

There are several things we need to do in order to translate the Bethe equations 
( fj . 1| ) - ( |5TBD into their light-cone form in order to make a direct comparison to uniform 
light-cone gauged, near plane-wave string theory. First of all, since the light-cone 
Hamiltonian is expanded in the large P + limit we need to express L in (|3.4j) in 
terms of the light-cone momenta. This can be done by using the expression for the 
eigenvalues of the dilatation operator and the J charge of S 5 0, 

J = L + ^771 (K 3 - Kj) - - A {2 + 771 + 772)^4 + \r]2{K, - K 7 ), (3.17) 
D = L + ±m(K 3 - + ~(2 - 771 - 772)^4 + \v2(K 5 - K r ) + SD, 
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where the anomalous dimension SD reads 

j=l X 4,j x 4j / 

Using ( |3. 17 ) we can write the light-cone momenta and energy as, 

p + = D + J (3.19) 

= 2L + Vl (K 3 - K x ) -\(jh + V2)K 4 + V2 (K 5 - K 7 ) + 5D 
P_ = J-D = -K 4 - 5D . 

Hence we see that the large P + limit discussed in the previous section corresponds 
to an infinitely long chain with a finite number of excitations. Using this, the central 
K 4 Bethe equations ( ^.4[ ) become 

(3.20) 



X A,k\^ P+ (X^ k \^{m+m)KA-r)i{K 1+ K 3 )- m {K 5 +K 7 )-8D) 



X 4,k X 4,k 



K ± _ 1 — a 2 /(r + <r~ \ s K » +K ^ ^1 _ „ K 5 +K 7 - m _ 

TT / 4,fe X 4,j 1 i/ / \ x 4,k x 4,j) f1 2^ TT 4,fc x 3j -|-|- J^jfc -^5,. 

X 



nf X 4,k X 4,j 1 g / \ X 4,k X 4,j) TT 4,fc tt 

Kx-n a -xV»l-a 2 /(x7,xtA °) J-l - Tn , 11 



3=1 ' X 4,fc X 4J 1 I \ x 4,k x 4,j ) J=1 x 4,fe X 3j J=1 ^4,fc X 5j 

We want to compare the spectrum up to C(-ht) and to this order a nice thing 
happens. As a matter of fact, one can show using only the leading AFS piece of 
( |IT3D that 

(-?) n d 2/ - + ■ s o) =i+ °(p?) (3 - 2i) 



'4,fc' 3=1 



holds, once one inserts the large P+ expansion of pk (to be established in ( |4.1| ) and 
Q4.3|)) as well as the relevant leading AFS contribution to the dressing factor So of 
( |3.13p . Curiously enough, not only the 1/P+ contribution, but also the 1/-P+ term 
vanishes in this expansion - the 1/-P+ term is nonvanishing though. Therefore, to the 
order we are interested in, the light-cone Bethe equations are given by the previous 



equations of (|3TT|) - (|3.6|) with the central node K 4 Bethe equations (|3.4j) exchanged 
by the simpler dressing factor free form 

' ' (3.22) 



X 4,k / X 4,k 

Ka „+Wi _ rr-m Ks+Kx -m _ ™ K 5 +K 7 -ryi _ _ 

n dy 4,k ,x '4j TT x 4,fe X 3J rr ^4^ ^5,j . 1 . 

ZFm _ ~+m 11 ~+m _ ~ 11 „+m _ ~ h u y~p2 > > 

3=1 x 4.£i x 4,j j = i x 4,fc x 3,j =1 ^4^ ^5,j 1 + 

Putting all Kj = 0, for j ^ 4, we indeed reproduce the results for the rank one sub- 
sectors presented in [^4| . This explains the simple form of the equations established 
there. 
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4. Large P + expansion 

We will now explicitly expand the Bethe equations in the large P + limit. The mode 
numbers of the string oscillators will enter in the equations as the zero mode of 
the magnon momenta pj.. However, depending on if we are looking at a state with 
confluent mode numbers or not, the procedure is somewhat different. We will begin 
with the simpler case where all mode numbers are distinct. 

4.1 Non-confluent mode numbers 



For distinct mode numbers one assumes an expansion of p k as [21, 24 



Determining the analogous expansion of x 



± 



xt k — P + x\ k + x 4 ' k + . . . , (4.2) 



where 



and Uk = y 1 + A-j^-. Consistency then implies that the spectral parameters x 3 ^ 
and x$ t k have the expansion 5 

x 3 , fc = P+ x° 3ik + x\ k + . . . , x 5>k = P+ xl k + x\ k + ... . (4.4) 

Taking the logarithm of ( |3.22|) and expanding we find that the momentum at leading 
order p k in ( |4.1| ) satisfy 

p° k = 4:7im k , m k G Z, (4.5) 

the integer here is what will correspond to the mode numbers of the string oscillators. 
Expanding (|3.22|) to the next order we find that the p\ should satisfy 

Pk= ^(Vi+V2)}^ r o _ r o -Vi 2^ r o _ T o ( 4 - 6 ) 

K 5 +K 7 

-V2 E - (ofa + V2)K 4 - m (Ki + K 3 ) - V2 (K 5 + K 7 ))p° k . 

j=l X 4,fc X 5,j 1 



The expansion of x% k and x$ k remains the same in the case of confluent mode numbers, while 

4,fe 



the expansion of x. k differs. 
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We also want to expand the light-cone energy ( 3.19Q , using ( |3.18|) and ( |3.8|) we find 

8P-, (4.7) 



K 4 
k=l 



where the energy shift, SP-, is given by 

A 



4.2 Confluent mode numbers 



P, 16vr 



K4 1 
PkPk 



k=l 



(U 



For the case of confluent mode numbers we run into trouble because of the zero 
denominator in (f4.6|), which is caused by the term 



, —771 

X 4,k ~ X 4j 



K 4 ry+Vl 

n „-'/-■ 

3=1 x 4,,k 



X 



-'12 

4,i 



(4.9) 



of ( |3.22j ). One could try to only look at the case with the gradings chosen so that 
±771 = =F?72- However, this would mean that we pick a fermionic vacuum in the nested 
Bethe ansatz and since the rapidities x^k are degenerate, we end up with zero. So 
for the case of confluent mode numbers we are forced to pick rjx = r] 2 . 
The way to proceed is to assume an expansion of pk as , 



Pk 



4_ ph 



p 



3/2 



PI 



(4.10) 



Where we, following ETJ, denote the multiplicity of the degeneracy as v k so 



K' 

K4 and Y2k=i v k" m 'k — 0, where K' 4 is the number of distinct mode numbers. The first 
order term in ( |4.1(J| ) is degenerate for confluent mode numbers while for the higher 
order terms the degeneracy might be lifted {Ik G {1, 2, v^}). 
Using ( pLTOD the energy shift will decompose as 



k=l 



"k 



(4.11) 



k=l lu=l 



The contribution from mode numbers rrij with Uj = 1 look the same as in (|4.8| ) while 
modes rrik with Vf. > 1 will have contribution from p\ ; . Using (|4. ldf) and expanding 
Q4.9|) we find that p\, satisfy a Stieltjes equation of the form |f2T 



Pk,i k 



-2( Vl + V2 )(p° k ) 2 uj k 



Pl,h 



Pk. 



(4.12) 
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It is useful to note that ^P=i Pk i k = ®' ^ e momen ta p\ i k can be written as 

(p^) 2 = -2(^ + 77 2 )(p°) 2 a; fe ^ feA with l k = l,...,v k (4.13) 

where /i^^^ are the u k roots of Hermite polynomials of degree v k . However, the 
explicit solutions h Vkt i k are not needed since when summing over k the following 
property applies 



The expansion for the second order contribution pi t in ( 4.10 ) is considerably more 
complicated, we therefore refer only to its general structure 

vi,i k =Pk + Yl ^*(^*' ■ ( 4 - 15 ) 



We split p 2 , , into a part not depending on l k , which is equivalent to p\ given in 
Q : P fc 2 = Pfe. The function / fc has the property f k {pk,h) = -fk(h,Hk) and thus 
the second term drops out when summed over 1^. The final expression for the energy 
shift becomes then 



sp _ = ____ y \ - ■ (416) 

P+ 167T 2 f-f f-? u\ 



1 A g^|(p^) 2 +P^ A 
fc=i i k =i 



K' 

„ n ^P^fc - (?7i + ^ 2 )p°K - 1) 



4.3 Bethe equations for the smaller spin chains 

To be able to solve for p\ it is clear from the form of (|4.6|) that we need the values 
of the Bethe roots and x$ t k at leading order in P + . Note that the variables uj. 
scale as Uk = P+u^ + u\ + . . .. Expanding (|3.2|) , (|3.3| ), ( p.5|) and (|3.6| ) yields 

o = V^ V ? , 

L j 7/ _ n.O / j n / o i A 1 \ 

i=i ^ M2 . fc i=l M 2,fc - ( X 3J + 64^^) 

I . 1 1 + tOj 



7,1 S o , _A 1 o + 2 5^ 

^6 1 1 1 i 

El 1 1 + LUj 

i A 1 0^9 ' ' <r° — -r 



"5,k 

K 6 ^5+^7 



3 ;=i 6,3 u 6,k j=1 U 6 k - [X 5 j + g4^2^-J 
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which determine the x\ k , x zki x lk an d x 6k i n terms of x° ik . Note that the two sets 
of the first two and the last two equations are decoupled and identical in structure. 

Let us briefly discuss how one goes about solving these equations for a given 
excitation sector. First one needs to commit oneself to a specific grading by spec- 
ifying the numbers 771,2 — ±1- Then one reads off the values for {K{\ in table [I] 
corresponding to the excitation pattern in question. The four different choices of 
gradings can be grouped into two classes, one with fermionic middle node, 771 = —772, 
and one with bosonic middle node, 771 = r] 2 in the associated Dynkin diagram. The 
difference between the two is important in the case of confluent mode numbers. The 
K 3 and K 5 (and for r)i = —i]2, also K4) are fermionic nodes which means that the 
solutions for x° k and similarly for x® k for different values of k are not allowed to be 
degenerate by the Pauli principle. 

Consider for example the su(l,l|2) sector containing only nonvanishing values 
for {K 3 , K±, K 5 }. Then, due to K 2 = = K e , the equations (|4.17|) condense to two 
identical, degree K4 polynomial equations for x° k and x® k yielding K4 solutions, 
including the degenerate solution {x®, 5 k — > 00}. These K4 solutions are then used 
once on each node K 3 and K 5} each generating K * - Ka - - X R ' , x <(Ka ~ K] ^ (with j = 3, 5) 
number of solutions. For a bosonic node, however, we may pick the same solution 
repeatedly. 

Having distributed the solutions for 2° k and x® k one then determines p\ from 
( |1.6| ) and finally solves for the energy shift using (|4.8| ) or ( |4 . 1 6| ) . The obtained value 



is what we then compare with a direct diagonalization of the string Hamiltonian. 



5. Comparing the Bethe equations with string theory 

We have calculated the energy shifts (both analytically and numerically) for a large 
number of states. The numerical results will be presented in appendix ||, while here 
in the main text we shall focus on the analytical results. On the string theory side 
one studies the Hamiltonian in first order degenerate perturbation theory, which in 
practice demands the diagonalization of the Hamiltonian in the relevant subsectors. 



In the near plane-wave limit, this was first done in [?, [L8| using a different gauge. 
5.1 General structure of solutions 

We will present analytical results for three different sectors, su(l|2), su(l,l|2) and 
su(2|3). The operators in each sector are 

fiu(l|2): K,^ + }, su(l,l|2): {a+, /3+, 0+ 77+}, su(2|3) : {a+a+0+0+}. 

As we can see there is a mixing between the sectors, the su(l|2) is contained within 
the larger su(2|3) sector and in su(l, 1|2), but the latter is not a part of su(2|3). When 
calculating the energy shifts, things are straightforward for the first two sectors, 
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su(l|2) and su(l, 1|2). The excited nodes are K 3 , K4 and K 5 and for these excitation 
numbers ( |4.17|) is significantly simplified since there are no u 2 ,k roots. Each x^,k and 
£5^ satisfy a K 2 — v degree polynomial equation, where v is the number of confluent 
mode numbers, which is the same for each value of k. However, this is not the case 
for the su(2|3) sector where we have nonvanishing K 2 excitations and a resulting set 
of coupled polynomial equations for the x 2 ^ and x 3i k following from ( |4.17| ) 



5.2 The su(l|2) sector 

As stated, this sector is spanned by the oscillators af and 9±. The contributing 
parts from the string Hamiltonian are Hbb and 'Hbf- The explicit expression for the 
effective su(l|2) Hamiltonian can be found in ( |A.8|) . Let us count the number of 
solutions for the grading r\\ — r\ 2 = 1. Then the only excited nodes of the Dynkin 
diagram in this sector are and K 3 , so the polynomials in ( [4.17 ) give K4 — v 
solutions 6 . Two of these solutions are always and 00 while the other — 2 — v 
are non-trivial. Before we perform the actual computation let us count the number 
of solutions. Say we have a total of K3 6f oscillators and K4 — K% af oscillators, 
then this state will yield ( E " 4 ~' / ) x (a^-^-i^x ... x (Ki-v-k-s+i) nuin k er Q f solutions. So, for 

all possible combinations of a general K4 impurity state the number of solutions are 

= 2 Ki ~ v . (5.1) 



K4-V 

£ 

K 3 =0 



K 3 



Since the worldsheet Hamiltonian is a 2 K *- 
matches. 



2 Ki v matrix, the number of solutions 



5.2.1 Two impurities 

For the two impurity sector the perturbative string Hamiltonian is a 4 x 4 matrix, 
but we are only interested in a 2 x 2 submatrix since the other part falls into the rank 
one sectors su(2) and su(l|l). The relevant matrix elements, with mode numbers 
{q, -q}, are 



/ 










Hbf 




Hbf 


H b f J 



The energy shifts are the non-zero values in (|A.1Q ). Now, the interesting question 
is of course if we can reproduce this result from the Bethe equations. For the two 
impurity state a+^+lO) it is easiest to work with the gradings 7 rji = —1 and r] 2 = 1 
where we have K4 = 2 and K 3 = 1. From ( 4.17|) wee see that the only solutions 



6 The number of confluent mode numbers must satisfy, v < K4 — K% + 1 since we cannot have 
fermionic excitations of the same flavor with confluent mode numbers. 

7 A11 choices of gradings of course give the same result, however, the calculation will be more or 
less complicated depending on the choice. 
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for x^k are and oo. Since we have two roots, and one K 3 excitation we get two 
solutions for p\. Solving (|4.6| ) gives p\ = ±p°. Plugging these into (|4.8f) gives 



A 



K 2 , 



(5.2) 



which equals the non-zero values in ( |A.10| ). 

5.2.2 Three impurities, distinct mode numbers 

The full perturbative string Hamiltonian is a 8 x 8 matrix but the relevant 5u(l|2) 
part splits up into two independent submatrices coming from the Fermi- Fermi matrix 
elements (0|af af^f (TCbb + T~Lbf)Qt a t a t |0) an d the Bose-Bose elements 
(O\a^9^9^(TCbf)0t^i a f\^)- Schematically written we have, 

/ 



i «i 



(7iw> + H 



bfj 



\3x3 







3x3 



a 



tefet\o)\ 



o 



3x3 



-1/3x3 
«6/ 



(5.3) 



/ 



The eigenvalues of the Bose-Bose submatrix, the bottom right, is given in flA.ll ). To 
reproduce these shifts from the Bethe equations we once again choose rji — — 1 and 
i]2 = 1 so K 4 = 3 and K 3 — 1. Solving ( |4.17| ) give, as before, = {0, 00} together 
with a novel third solution 



2/ 



(2 + cj 91 + cj g2 ) x% + (2 + w 92 + u; g3 ) xl 1 + (2 + cj ?1 + w, 



1.2 



w <? 2 + ^93 



(5.4) 



The first two solutions, and 00, give as before p\ = ±p°. For generic values of K$, 
and with K3 — 1, these two solutions will always appear. Using the third solution in 
(PI) yields 



Pk 



„0 



p2- 



Plugging this into 



<5P_ 



x 4,/c ~~ y 

together with some algebra, gives the three solutions 

3 _2 T 3 



(5.5) 



p. ^ 



97 



A 



P 



P+o; ?1 a; ?2 a; g 3 



= : A3 



(5.6) 



which agrees with the string result obtained in ( [A. 1 1| ) . 

Let us now focus on the Fermi-Fermi matrix elements, the upper left 3x3 block 
of (|5~3|) . First, (^.17|) give the same three solutions as before, namely {0, 00, y} with 
the same y as in G5.4|) . Since K3 = 2 we now, for each p\, use two of the solutions 

3, it 



for x° 



The three possible distributions of the roots, {0, oo}, {0, y} and {y, oo}, give the 
three solutions 



^- = {". -^ES((^-rf) ± P2)}=:"3 (5,) 

With a little bit of work one can show that these match the eigenvalues from the 
string Hamiltonian in (|A.12|) . 



5.2.3 Three impurities, confluent mode numbers 

For three impurities, with mode numbers {q, q,—2q}, the only state that does not 
fall into the already checked rank one sectors [|4[] are afafOflO) and a^OfOf |0). 
For the former, we get from ( }4.6|) (with grading rji = T] 2 = 1) 

2 _ , 2uJ Q + _ 1 +Uq ~ 2 _ _ , o + ^2q _ 1 + U 2q 

u q — ^Pq t" o o o ^0 ' ^2<j — ^2<j 1" z n n ^0 ' 



PI 



A 4,g x 4,2g ^4,g ^3 4,2<j x 4,g A 4,2<j ^3 



The polynomials in (|4.17| ) give two solutions {0, 00} for x® k . Using these in Q4.16 ) 



together with some algebra, gives 



§P 2g 2 A f 3u 2q + (2u q + U 2q )(4u q (l + U q ) + UJ 2q ) 

P + uj^u 2q \ 3 + 2u q + uJ 2q 

4u; ? 2 - (3 - 4^> 2? - (1 - 2u q )ul q 



3 + 2uo q + u 2q 



(5.9) 



It is not immediately apparent that this equals the string Hamiltonian result (|A.14 ) 
but after some work one can show that these two solutions are equal. 

For the second state, af9i9f\0), we have K 3 = 2 and the two roots {0, 00} for 
x^ can only be distributed in one way. By doing analogously as above and using 
((O]) in JO] ), we find 



= gg^ K + ^) > (5.10) 

P+ UqU 2q 



which reproduces the string Hamiltonian result of ( |A.13| ). 
5.3 The su(l,l|2) sector 

Now we turn to the larger su(l, 1|2) sector. The procedure is the same as above but 
now both sides of the Dynkin diagram gets excited and a general state has the three 
middle nodes K 3 , and K 5 excited. We are allowed to pick the same solution, on 
the K3 and K§ node, but as before we must put distinct solutions on the fermionic 
nodes. In this sector a new feature appears: The states affti and 6ft]f are allowed 
to mix. Also, in the case of confluent mode numbers, it turns out that we have to 
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make use of different gradings on some states to generate all the solutions from the 
string Hamiltonian. 

Let us first investigate if the number of solutions from the string Hamiltonian 
and the Bethe equations match. A general su(l, 1|2) state with excitations and 
distinct mode numbers will yield a 2 2Ki x 2 2K4 matrix and thus 2 2Ki energy shifts. 
The total number of solutions from the Bethe equations are just the square of ( |5.1| ), 
with v = 0, which equals the number of eigenvalues from the perturbative string 
Hamiltonian ( |A.15| ). 

5.3.1 Two impurities 

The Hamiltonian is a 16 x 16 matrix but it is only a 13 x 13 part which lies outside the 
already calculated su(l|2) sector. There are seven different independent submatrices 
where the largest is a 4 x 4 matrix and is generated by the base kets af(3^~\0) and 
6fi]t\0). There are three 2x2 submatrices, afi]f\0),P^9^\0) and P?r)f\0). And 
three are one valued PiPi\0), rj^rji |0) and 9f9f\0), these will give the same results 
as presented in |24| so these we will ignore. The only part with mixing is the subpart 
generated by af(3^~\0) and 9fr]f |0). To calculate the energy shifts we start by solving 
( |4.17|) and, as before, the two solutions are {0, oo}. With r/i = —1 and r] 2 = 1, so 



K± = 3 and = K3 = 1, we have 

A = (1 + "*) ( T o l _ T o ~ T o * ) • ( 5 - H ) 

Whenever we pick the same solution for x\ k and x° k we get zero and since we can 
do this in two ways we get two zero solutions. The other two solutions are obtained 
by setting {^3^,^°^} = {0, 00} and {00, 0} which gives p\ = ±2p°. Using this in 
gives 

5P_ = (0,0,±^^i), (5.12) 
P + U W « 



which is in agreement with the string Hamiltonian result in (|A.1£ ). 



For the three parts a + ^ + |0), (3 + 9 + \Q) and f3 + n + \0), we see that solving for the 
first state is analogous to the discussion after ( |5.2|) but with r]i = 1 and 772 = — 1. 
For the two other, the procedure will again be identical if we choose the opposite 
gradings. That is, for f3 + 8 + \0) we pick rji = 1 and r^ 2 = —1, while for /3 + n + \0) we 
choose rji = — 1 and 772 = 1 which give the same set of solution for all three states 



SP- = ±f £, (5.13) 



which is in agreement with ( |A.17| ). 
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07i, 


m} 




{S + , S_, J + , J_} 


<5P_ 


{-• 


+} 


{2,3,0} 


{0,1,3,2} Q>X 


fi 3 


{+• 


-} 


{0,3,2} 


{l,0,2,3} Q + a +^+ 


-fi 3 


{-• 


+} 


{0,3,2} 


{2,3, 1,0}^+^+ 


fi 3 


{+• 


"} 


{2,3,0} 


{3,2,0, 1 


-fi 3 


{-• 


+} 


{1,3,0} 


{0,2,3, l} e + e + a + 


A 3 


{-• 


+} 


{0,3,1} 


{1, 3, 2, 0} e +e+/3+ 


-A 3 


{+• 


-} 


{0,3,1} 


{2, 0, 1, 3} v + v + a + 


A 3 


{+• 


"} 


{1,3,0} 


{3, 1, 0, < 2} v + ri + / 3+ 


-As 



Table 2: The states reproducing the 3x3 submatrices of the string Hamiltonian. 0,% and 
A3, where the subscript indicate the number of solutions as given in ( |5.8| ) for O3 and ( |5.€| ) 
for A 3 . 



{vi,m} 


{k. + k^k^k. + k,} 


{S + , S_, J + , J_} 


5P_ 


{+,+} 


{1,3,1} 




fi 9 


{-,-} 


{1,3,1} 


{2, 2, 1, f3+),{p+8+ri+) 


-fig 


{-,+} 


{1,3,1} 


{1, 2, 2, l} (ct + i a+ + )j(0 + + 1? + ) 


A 9 


{+,-} 


{1,3,1} 


{2, 1, 1, 2}( a +0+ v +MvUt) 


-Ag 



Table 3: The states reproducing the 9x9 submatrices of the string Hamiltonian. fig and 
Ag, where the subscript indicate the number of solutions, is given by (OP and (p^|). 



5.3.2 Three impurities, distinct mode numbers 

The full perturbative string Hamiltonian will now be a 64 x 64 matrix with non trivial 
3x3 and 9x9 subsectors. Since the logic of solving the Bethe equation should be 
clear by now, we only present the obtained results in tabular form. Also, to make 
the comparison with the string Hamiltonian more transparent, we now also label the 
states by their charges {S + , J + , J_}. The energy shifts for the 3x3 parts are 
given in table |2] and for the larger 9x9 subparts in table 0. For the larger sectors 
we have a mixing between states of different boson and fermion number. 

The functions fig and A 9 in table [3] depend on the mode numbers {q\, q2, qs} and 
are given by 

A 1 Pa, ( 4^ 2 + u qk + u qj l + uj qk 1 + u qk ^ 



n = jl — ( V 

r + iU7r k=1 U Qk ^ j= i tj ^ k X 4,q k X 4,qj X 4,q k X 3 X 4,q k X 5 



Ac 



(5.14) 

A 1 Pi ( 1 + Wa k 1 + W„ fc 



1 y\ / l+^ fc l+^ fc A r , 1cn 

)7T 2 f-^ W„, UL . - X% X° A „,-xV' { f 



P+ 16" k=l ^q k K -°4,q k ~ ^3 ^4,g k 
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{Vi, 


V2} 


{K, + K 3 ,K 4 , K 5 + K 7 } 


{S + , S_, J + , J_} 


<5P_ 


{+, 


+} 


{1,3,0} 


{0,1,3,2} Q>X 




{+, 


+} 


{0,3,1} 


{1, 0, 2, 3} a + a +^+ 


n 2 


{-, 


-} 


{0,3,1} 


{2, 3, 1, 0}^+^+ 


-n 2 


{- 


-} 


{1,3,0} 


{3,2,0, 


-(h 


{+, 


+} 


{2,3,0} 


{0,2,3, l} e + e + a + 


Ai 


{-, 


-} 


{0,3,2} 


{1,3,2,0}^+^+ 


-Ai 


{+, 


+} 


{0,3,2} 


{2,0, 1,3}^+^+ 


M 


{-, 


-} 


{2,3,0} 


{3, 1, 0, < 2} v + ri + / 3+ 


-Ai 



Table 4: The states reproducing the 2x2 submatrices for confluent mode numbers of 
the string Hamiltonian. Vl 2 and A2, where the subscript indicate the number of solutions, 
is given by (|0|) and (|5.10p 



To obtain the nine solutions for Qg and A9 one has to insert one of the three roots 
{0, 00, y} for each x® and £5. We have not managed to match these results with 
the perturbative string Hamiltonian ([A. 15 ) analytically, but tested the agreement 



extensively numerically The details of the numerical tests can be found in Appendix 

s 

5.3.3 Three impurities, confluent mode numbers 

We will now look at three impurities with confluent mode numbers, {q, q, — 2q}. 
With two distinct mode numbers we see from ( [4. 17] ) that we have the two standard 



solutions {0,oo} for x^ k and The sectors exhibiting mixing, i.e. the states 

that span the 9x9 subparts of the previous section, now exhibit a new feature. The 
gradings are no longer equivalent and we will be forced to use both to generate all the 
desired solutions. The simpler states, that do not exhibit this feature, are presented 
in tabldj and the states where different gradings had to be used are presented in 
table [|. The energy shifts 1?4 and Ti appearing in table |5| are given by 

fl= *L(± + J_), 

r 2g 2 A ( I 1 1 1 3u 2q + (2u q + u 2q )(uj 2q + u q (7 + 6u q + u 2q )) 



P + uj 2 q uj 2q I io q u 2q ujq u 2q 3 + 2u q + Ul 2q 

3u 2q - [2u q + uj 2q )(uj q (5 + 2u q + 3uj 2q ) - u 2q ) 



3 + 2oo q + ui 2q 



■}. (5.16) 



Again, for the comparison to the eigenvalues of the string Hamiltonian in this sub- 
sector we had to resort to numerical verifications, see Appendix O for details. 
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V2} 




{S+, S_, J + , J_} 


<5P_ 


{+, 


+} 


{1,3,1} 


{1,1,2,2}^+^+)^+^+) 


r 4 


{-, 


-} 


{2,3,2} 


{1, 1 > 2 > 2 }( a +a+f3+l(a+0+r,+ ) 


fi 


{-, 


-} 


{1,3,1} 


{2,2,l,l} (Q + /3 + /3i+)i(/3 + e + r) + ) 


-r 4 


{+, 


+} 


{2,3,2} 


{2,2,l,l} (Q + /3 + /3 + )i(/3i+e +^ ) 


-fi 


{+, 


+} 


{2,3,1} 


{1,2,2,1}^+^+^ 


n 2 


{-, 


-} 


{1,3,2} 


{l,2,2,l} {a + p + e + ug + g + v + ) 


-n 2 


{-, 


-} 


{2,3,1} 


{2, 1, 1, 2} { aiP+r,tM44) 


-62 


{+, 


+} 


{1,3,2} 


{2,l,l,2} (a + /3 +^+ i(e + r? + r? + ) 


n 2 



Table 

of the 
(P). 



5: The states reproducing the larger submatrices, with confluent mode numbers, 
string Hamiltonian. The functions r 4 and T\ are given in ( 5.16| ) and £l 2 is given in 



{S + , J+, J_} 


State pattern 


Number of solutions 


{2,2,2,2} 
{2,2,3,3} 


0+6+vtvt\O), 0+r ?1 + /3+a+|O), /?+3+a+a+|0) 
e+e+ V + V +a+\0), fl+r^+a+a+lO), (3+(3+a+afa+ 10) 


36 energy shifts 
100 energy shifts 



Table 6: Checked 4 and 5 impurity states of su(l, 1|2). 



5.3.4 Higher impurities 

In going beyond three impurities numerical calculations on both sides, the Bethe 
equations and the string Hamiltonian, have been performed for a number of four 
and five impurity states. All numerical energy shifts match precisely, the tested 
configurations are listed in table []. 

5.4 The su(2|3) sector 

Now things become more complex. The polynomials ( |4.17 ) for a general state are 



highly non-linear, coupled and involve several variables. For this reason we will not 
be as thorough in our testing for the higher impurity cases as in the previous sections. 
The oscillators in this sector are af, a 2 , Of and 9 2 where there is a mixing between 
afa 2 |0) and Qf9 2 |0). The string Hamiltonian is given in ( |A.18| ). 



5.4.1 Two impurities 



The su(2|3) two impurity sector of the perturbative string Hamiltonian ( A. 18 ) will 
be a 12 x 12 matrix. Let us begin with the largest subpart, the one with mixing 
between afa 2 |0) and 9f9 2 \0). The excitation numbers, with grading rjx = 772 = 1, 
for afaf |0) are Kx = K 2 = K 3 = 1 and K A = 2 while for 0^\O) we have K 2 = 1 
and K3 = K4 = 2. Here the dynamically transformed version of the Bethe equations 
is advantageous, as it makes explicit that the relevant combination K\ + K 3 = 2 
is the same for these two states. This is how the Bethe equations take care of the 
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{K^K^^K,} 


{S + , S_, J + , </_} 


<5P_ 


{+,+} 


{2,1,2} 


{0, 0, 2, 0} (aM)(e + e2+) 


X4 


{-,+} 


{1,0,2} 


{0,l,2,l} Q + e + 


^2 


{-,+} 


{1,0,2} 


{0,-1,2,-1}^+ 


^2 


{+,+} 


{1,1,2} 


{0,-1,2,1} qX 


^2 


{+,+} 


{1,1,2} 


{0,1,2,-1}^+ 


^2 



Table 7: The two impurity states that fall into to the rank > 1 sectors for su(2|3). Here 
X4 is given by dip and K2 is given by ( |5,2|) . For two of the states we have permutated 
the space-time indices. 



mixing. Solving for u% in (^4.17|) , and using 



u 



3,k 



X 





3,k ~r 647r 2 ' 



+ 



gives 



u 



D ( X 3,l + X 3,2 



A 



647r 2V x 3 ' )1 



br + □>-))■ 



3.2 



Plugging this into the second line of ( |4.17|) gives 



^3,1 X 3,2 + 6 4tt ; 



(a; 

x 3,l 



1 + 

j=l X 4,j X 3,l 



1 A 
3,1 



64-7T 2 X 



3,2 



1 + UJj 



j=l X 4,j X 3,2 



(5.17) 



We can add these two equations above and see that four solutions are (£31,3:32) = 
(0, 0), (0, 00), (00, 0) and (00,00). This may at first glance seem strange since the 
seemingly equivalent state OfO^ |0) only has the K 2 and K 3 node excited, implying 
that we can not pick the same solution twice for £3 k since K 3 is fermionic. However, 
the correct state to use is the afa^ |0) state. Here two different fermionic nodes K\ 
and K3 are excited and because of this we can use the same solutions on both nodes 
simultaneously. 

Let us now turn to the calculation of the energy shifts for the these four states. 
We use the solutions from (|5.17 ) in (46) and plug this into ( |4.8D which gives 



<5P_ = {0,0,±A!^ }=: x 

p+ u q 



(5.18) 



which is in perfect agreement with ([A. 19 ). The energy shifts for the other states 
follows immediately and we present the results in table [7[ From this table we see 
that all the energy shifts from ( |A.18|) , presented in ( |A.20|) and ( |A.19|) , are reproduced. 
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{K^K^K^K^} 


{S + , J + , J_} 


<5P_ 


{ + ,+} 


{1,1, K,} 


{0,-1,^4,^4-1}^...^+) 


Ax 4 



Table 8: Higher impurity states from the su(2|3) sector for states of the form 
|0). The function A^ 4 , where K4 indicates the number of solutions, is given 



a-, ...a 



1 w 2 



m 



(5.20). 



5.4.2 Higher impurities 

Due to the non linearity of the polynomials relating the Bethe roots we will only 
present results for excitations with K 2 = K 3 = 1, corresponding to states of the form 
a~i . . . atO^lO) with space-time charge vector {S + , £>_, J + , J_} = {0, —1, K±, K4—I}. 
From the first line in fl4.17|) we see that 



u 2 ( x 3 + 64^2^) 



0. 



and using this in the second line implies that the equation for x® reduces to the 
familiar form 

^T^o = o- (5-19) 

Thus, the energy shift for this state is the same as for the ... af9f\0) states. For 
K4 = 3, the energy shift is presented in ( |5.6| ). For K4 — 1 number of a~l excitations 
and one 9% excitation, the energy shift, with gradings {+, +}, is given by 

A * -ihtHt - 4^ - !>!(*. -4 (5.20) 

167T 2 f^UJ k \j^ X^-X^ Xl k -X$ ) 

This prediction we have verified numerically for < 6 with the energy shifts ob- 
tained by diagonalization of the string Hamiltonian ( A.18|) . 



6. Summary 

In this work we have explored the quantum integrability of the AdS§ x S 5 superstring 
by confronting the conjectured set of Bethe equations with an explicit diagonalization 
of the light-cone gauged string Hamiltonian. 

For this we have presented the Bethe equations for the most general excita- 
tion pattern of the uniform light-cone gauged AdS$ x S 5 superstring in the near 
plane-wave limit. Moreover, it was demonstrated how excited string states may be 
translated to distributions of spectral parameters in the Bethe equations as given in 
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table 1. Using this we have explicity compared the predictions from the light-cone 
Bethe equations with direct diagonalization of the string Hamiltonian in perturbation 
theory at leading order in 1/-P+. For operators from the non dynamical sectors, we 
have verified the spectrum for a large number of states giving us a strong confidence 
in the validity of the light-cone Bethe equations for these classes of operators. For a 
generic su(l, 1|2) state, it is much easier to calculate the energy shifts using the Bethe 
equations. The characteristic polynomial from the perturbative string Hamiltonian 
is of degree 2 2Ki wheras the polynomials needed to be solved in the Bethe equations 
( [4.1 7|) are of degree K4 — 2. Still, one generically deals with polynomials of a high 
degree, making it hard to explicitly find analytical results for states with large total 
excitation number K4. 

When it comes to the dynamical sector su(2|2), a direct comparison is much 
more difficult due to the non linearity and coupled structure of the Bethe equatons 
in ( |4.17p . Here analytical results were established only for the two impurity case. 
Nevertheless, tests up to impurity number six could be performed numerically. 

In the light of this analysis it would be interesting to extend the perturbative 
study of the string Hamiltonian to next order in 1/-P+. This is a very complicated 
problem due to normal ordering ambiguities. However, this problem might be tackled 
by making use of the symmetry algebra as discussed in |24]] and [25|. We hope to 
return to this issue in the future. 
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Appendix 

A. Overview of the string results 

To confront the proposed light-cone Bethe equations with the quantum string result 
extensive computer algebra computations have been performed to diagonalize the 
worldsheed Hamiltonian perturbatively. For every considered subsector, i.e. su(2), 
sl(2), su(l|l), su(l|2), su(l, 1 1 2) and su(2|3), we state the effective Hamiltonian and 
present analytic results for its eigenvalues up to three impurities, whenever available. 
In some cases we had to retreat to a numerical comparison with the Bethe equations, 
details of these investigations are given in section [B|. 

As one sees in table [1] the total number of impurities (or string excitations) is 
given by K±. We also allow for confluent mode numbers, where the index k — 1, .., K' A 
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s+ 


SI 


J+ 


J_ 


Yx, Pf , ai m , a 4 m 
Y2, P 2 , o> 2m , a 3 m 
Y3, Pi, aj m , a 2 m 
Y4, P 4 , a> 4 m , ot l m 














1 
1 

-1 
-1 


1 

-1 
1 

-1 





s+ 


s_ 


J+ 


J_ 


01, 


e\, 









1 


1 





02, 


el 


ft+ 

u 2,rm 


3,m 





-1 


1 





03, 


e\. 


ti+ 


2,m 





1 


-1 





6*4, 


el 


a+ 

°4,mi 







-1 


-1 






Table 9: Charges of the annihilation and 
uniform light-cone gauge. 





s+ 


SI 


J+ 


J_ 


Zl, P\, Pt,m> P±,m 
Z2, P2, P2,m> @3,m 
Z3, P3, ^3,mi 02,m 

Z4, PI, /3 4 m , f3 l m 


1 
1 

-1 
-1 


1 

-1 
1 

-1 






























s+ 


S_ 


J+ 


J_ 




Vl, V41 Vl,mi V4,m 
V2,vl, Vtm, V3,m 
V3,vl, Vt, m , V2,m 
V4, Vl, VA,mi Vl.m 


1 
1 

-1 
-1 














1 

-1 
1 

-1 



operators of the AdS§ x S 5 string in 



counts the excitations with distinct modes, each with a multiplicity of z/^, using the 



notation of section [4.2| . In uniform light-cone gauge the Hamiltonian eigenvalue 
is then given by 



K 4 
k=l 



A", 



SP- = - v h u k + 5P- 



(A.l) 



k=l 



In order to classify the Hamiltonian eigenvalues we will make use of the U(l) charges 
{S + , J + , J_} introduced in |24|]. They are light-cone combinations of the two spins 
Si of AdS 5 and two angular momenta Jj on S 5 , viz. S± — S± ± S 2 and J± = J x ± J 2 . 
The charges of the string oscillators are spelled out in table 0. 



A.l The su(2) sector 

This sector consists of states, which are composed only of a\ n creation operators. 
The Hamiltonian (|2.11| ) simplifies dramatically to the effective form 



H 4 = A > =aI mi «I m2 ai,- m3 Qi,- m4 • (A.2) 



+ 17-13+17-14 " 



yY^ni 1 ii;^^ 111^111 



This sector is of rank one and the energy shifts —5P- for arbitrary modes mi, m^ 4 
can be evaluated to 

' !,j = l "*» " l J ' k = l mk 

By rewriting this P_ shift in terms of the global energy E and the BMN quantities 
J and A' = A/ J 2 using P± = J±E, and then subsequently solving for one obtains 
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the su(2) global energy, which precisely agrees with the results in [21] and [19] 



A 4 



E = /+E^-4jE 



mgo;| + m/-o;| A' (m; + m,) 2 A' 



fc=i 



fe,i=i 



LO},UJj 



-T 



UJiUJj 



with := ■»/ 1 + A'm? 



(A.4) 

A. 2 The sl(2) sector 

The sl(2) states are composed of one flavor of (3i n operators. Since the structure of 
the Hamiltonian is identical for af n and (3f n up to a minus sign one immediately has 



W («,(2)) 



m 1 +m 2 _q 
+ m3 + m4 



\j ^mi W m2 W m3 0J m4 



-7714 



(A.5) 
(A.6) 



£p(st(2)) = _ ( jp(«u(2)) 

and the global energy shift follows immediately. 

A.3 The su(l|l) sector 
States of the su(l|l) sector are formed of 9f n creation operators. As noted in [EI 



the restriction of the 0(1/P + ) string Hamiltonian ( |2.11| ) to the pure su(l|l) sector 
vanishes 



nt m) = o 



5P. 



(Mm) 



o 



(A.7) 



A.4 The su(l|2) sector 

We now turn to the first larger rank secor su(l|2) being spanned by the creation 
operators 8f n and af n of one flavor. The effective Hamiltonian is given by 

X(m 1 , 1712,1713,1714) 



n 



(su(l|2)) 



m 1 +m 2 _q 

where X{m, n, k, I) is defined as 
X(m, n, k, I) : 

where k = ±1. 



f) f) — rv fV~ 

1,7711 1,-7772 1,77*3 1,-7774 



(Ai 



mn 

K 



(m — n)(k — /) 



(fnfm 9n9rr 



4 



(A; + + uji)(f n g m + f m 9n) 



(A.9) 



A.4.1 Two impurities 

For two impurity su(l|2) states carrying the modes mi = —1712 the Hamiltonian ri.4 
forms a 4 x 4 matrix with eigenvalues — <5P_ where 



<YP- , ±2^^, 0, 



(A.10) 
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A. 4. 2 Three impurities with distinct modes 

Considering the three impurity case with distinct mode numbers m 1 ,m 2 ,m 3 the 
Hamiltonian is represented by an 8 x 8 matrix which decomposes into 4 non mix- 
ing submatrices, where two fall into the rank one sectors su(2) and su(l|l). The 
remaining pieces are two 3x3 matrices. 

Since string states only mix if they carry the same charges, we can classify the 
submatrices and their eigenvalues by the charge of the corresponding states. One 
finds: 

{S+, SI, J+, J-} = {0, 2, 3, l}0+0+ a +| O ) : 



5P_ 



\±^Y— > 7^ YrfuiA (ATI) 



{S + , S-, J+, J-} = {0, 1, 3, 2>0+ a + Q +| O) : 

\ 2 2 2 | i— i 

I P + u mi u m2 u m3 J 

with E aM : = ^A(iu 2 a xlc + ^lxl, c + ^cXl,b) + (W - W + ^;a,fe) 2 ~ 4^ a;& , c ^ c;a ,6 
Ca;6, c := - a(&w& + ccj c - au a ) 

Xab - (1 + a; a )(l + uj b ) 
Xa,b ■= ~ ah = r - . 

A. 4. 3 Three impurities with confluent modes 

In the case of confluent modes {mi, 7712,7713} = {m,m, —2m} the submatrix with 
charges {0,2,3, 1} collapses to a scalar whereas the submatrix of charge {0, 1,3,2} 
reduces to 2 x 2 matrix with energy shifts 

A 2m 2 1 1 

{S + , S-, J + , J-} = {0, 2, 3, l}o t e t at\o) ■ SP- = — — (— + — ) (A.13) 
{S + , S_, J + , J_} = {0, 1, 3, 2} e + atatl0) : (A.14) 



<SP_ = 2- 



Ag 2 



P+^2g 

A. 5 The su(l, 1|2) sector 

States of the su(l, 1|2) sector are spaned by the set {9f n , 7]f n , ftf , Oi\,n\ °f creation 
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operators. In this sector the effective Hamiltonian takes the form 

?4 SU(1 ' 1|2)) = A V M {O'tm^l-n ~ PtmPl-n) (®tk a l,-l + PtkPl,-l) 

re-pi q T 

+ 71 + 777. 



+ n + m 



i \ \ A ri .JmJn 9m9n /n -\- + ^— - /j— — n-\- + \ 

+ A 21 7= — (WT.^-fe a i r i+V^i,-A>y) 



(A.15) 

+71+777. 



where X(m, n, k, I) is given in ( |A.9| ). 



A. 5.1 Two impurities 

The Hamiltonian matrix decomposes into several non mixing submatrices. The 
su(l,l|2) sector contains all previous discussed sectors, whose eigenvalues we do 
not state again. For the two impurity case with mode numbers mi = — ni2 one 
obtains the new eigenvalues: 

{1. 1. 1. 1 W|o>, Pt«t\°) : SP^ = {± 4— -±, 0, 0} (A.16) 

*\ 2 

{1,2,1,0W |0) , {0,l,2,l} e + Q + |0) 5 p_ = ±2 A!^l (A.17) 

{2, 1, 0, lj^+^+io), {1, 0, 1, 2} JJ + a +| 0) P+ uji 



A. 5. 2 Three impurities with confluent modes 

For higher impurities the situation becomes much more involved. Already the three 
impurity su(l, 1|2) Hamiltonian for non-confluent modes becomes a 64 x 64 matrix 
with submatrices of rank 9. We will classify the su(l, 1|2) submatrices with respect 
to their charges and dimension d. Because su(l,l|2) contains previously discussed 
sectors, we can deduce most of the eigenvalues by using properties of the Hamiltonian 

W (*"(l,l|2))_ findings 

are collected in the table M. 
The structure of the 9x9 submatrices is a bit more involved. Under the os- 
cillator exchange 1)m <-> rji jTn and a^ m <-» f3i jm the effective Hamiltonian 7^ su(1 ' 1|2)) 
changes its sign. This exchange translates a state with charge {1,1,2,2} into one 
with {2, 2, 1, 1} or a {1, 2, 2, 1} charged state into one with {2, 1, 1, 2} and vice versa 
with mutual energy shifts of opposite signs. See table [Ll| for results. 

A.6 The su(2|3) sector 

Finally the su(2|3) sector is spanned by the operators 9i n , 9^ n , ocf n , a^ n . The effec- 
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dimension d = 1 



{S+, S-, J+, J_} 


State pattern 


Property 




{0,0,3,3} 
{3,3,0,0} 


afafat\0) 
/3+/3+/3+|0) 


su(2) state 
sl(2) state 


(A3) 
(A.6) 



dimension <i = 3 



{S+, S-, J + , J_} 


State pattern 


Property 




{0,2,3,1} 
{2,0,1,3} 
{1,3,2,0} 
{3,1,0,2} 
{0,1,3,2} 
{1,0,2,3} 
{2,3,1,0} 
{3,2,0,1} 


e+e+at\o) 

viv+a+\0) 
9f6f0+\O) 

vtvtPf\o) 

9fafaf\0) 
r)t<xfai\0) 


su(l 2) state 

property of (A. 15) implies 
property of (A. 15) implies 
property of (A. 15) implies 
su(l|2) state 

property of (A. 15) implies 
property of (A. 15) implies 
property of (A. 15) implies 


sp {Q,2,3M gee (A n) 

5 p{2,l,0,3} = + ^ p {0,2,3,l} 
£p{l,3,2,0} = _^p{0,2,3,l} 
£p{3,l,0,2} = ^{0,2,3,1} 
5p {0,l,3,2} gee (A 12) 
£p{l,0,2,3} = +( jp{0,l,3,2} 
^p{2,3,l,0} = _^p{0,l,3,2} 
^p{3,2,0,l} = _ 5 p{0,l,3,2} 



Table 10: Analytically accessible three impurity, distinct su(l, 1|2) energy shifts. 



tive form of H4 in this closed subsector reads 



H 



(su(2|3)) 



hi 



=( 

+^ A(/ "' /, ' /, ' /) 



, , y/UmUJnUJkCUi 



Otm a l -n + a tm a 2,-n)( a tk a l,-l + a t,k a 2,-l) 



{9t,nfil,-n + ^A-nX"!^ ! ,-l + a t,k 



a: 



2,-1) 



(A.18) 



A . ^ 1 

9 1 . /TTT 



-\-n-\-m 



'2,m 



®l,n a 2-k a i,-l + ^,-m^l,-n4fc a ti) 



(m - - l)(f n 9m ~ fn9m) + ~%{k + l){^k ~ Vl)(fnfm ~ 9m9r, 

VA 

/ (fm9n + fn9m)(fk9i + fi9k)(mn + kl)\ 

+ A I + + fk9n){fm9l + fl9m){nk + ml) 02, m ^2,-tfil,k e i,-l • 

+*+m=° \-(fnfl ~ 9n9l)(fmfk + 9m9k){nl + mfc)/ 
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dimension d = 9 



{S + , S-, J+, J_} 


State pattern 


<5P_ 


{1,1,2,2} 
{2,2,1,1} 
{1,2,2,1} 
{2,1,1,2} 


/3+a+a+|0), 0frM|O> 
/3+/3+a+|0), ^ry+^+lO) 
6*^+7,+ 10), ^A + «l|o) 
e+ v + v +\Q), ritftatlO) 


rank 9 matrix, numerical eigenvalues see table |l2| 

£p{2,2,l,l} = 1,2,2} 

rank 6 matrix, numerical eigenvalues see table |l2| 

Sp {2,lA,2} = _^ p {l,2,2,l} 



Table 11: Remaining three impurity, distinct su(l,l|2) shifts, which were compared nu- 
merically. 



A. 6.1 Two impurities 

For two impurities with mode numbers m 2 = —mi we find the energy shifts 



{0, 0, 2, 0}, 2+e + |0)i Q2+a + |0) : = { ± 4— -i, 0, 0) (A.19) 

{0,l,2,l},+ a + |0> , {0, 1, 2, -l} fl + Q +|o) 6P _ = ±2 Xai ( A 20 ) 

{0, -1,2, l}<j+ a +| ), {0,-1,2, -l} e + a +| ) 



B. Numerical results 



Here we collect the numerical results, for this we dial explicit mode numbers and 
values for the couping constant A'. The considered cases constitute certain three 
impurity excitations in the su(l, 1|2) subsector with distinct and confluent mode 
numbers, as well as all three impurity excitations (distinct and confluent) for the 
su(2|3) subsector. In the tables below we state explicit results for the values A = 
0.1 and P + = 100 and mode numbers (mi,m 2 ,m 3 ) = {(2, 1, —3), (3, 3, —6)}. All 
numerical energy shifts were matched precisely with the result obtained from the 
Bethe equations. 



8 The ± signs at some charges are just a shortform of writing several charge combinations all 
with the same eigenvalues. They are not related to the signatures of the eigenvalues in any sense. 



su(2|3) sector 8 



{S + , S-, J+, J_} 


eigenvalues — 5P- 


{0,0 ,3,±3} 

{0,±2,3,±1} 

{0,±1,3,±2} 

{0,±1,3,0} 

{0,0,3,±1} 


-0.0106324 

±0.0108634 -0.0106324 
-0.0214958 0.000230962 

0.0217267 3 x -0.0214958 2 x 0.000230962 3 x0 
-0.0323591 0.0110943 2 x ±0.0108634 3 x -0.0106324 



su(l, 1|2) sector 



{S + , S-, J + , J_} 


eigenvalues — 5P- 


{1,1,2,2} 

{1,2,2,1}, {2,1,1,2} 
{2,2,1,1} 


-0.0323591 0.0110943 2 x ±0.0108634 2 x -0.0106324 0.0106324 
±0.0217267 ±0.0214958 ±0.000230962 3 x0 
0.0323591 -0.0110943 2 x ±0.0108634 2 x 0.0106324 -0.0106324 



Table 12: Numerical results for the first order correction in 1/P+ of the string energy 
spectrum for three impurity states with distinct mode numbers m\ = 2,m2 = 1,^3 = —3. 
The number in front of some eigenvalues denotes their multiplicity if unequal to one. 



su(2|3) sector 



{S+, S-, J+, J-} 


eigenvalues —SP- 


{0,±1,3,0} 
{0,0,3,±1} 

{0,±2,3,±1}, {0,0,3,±3} 
{0,±1,3,±2} 


2 x -0.0454059 2 x 0.0142814 

-0.0752496 0.044125 3 x -0.0155623 
-0.0155623 

-0.0454059 0.0142814 



su(l, 1|2) sector 



{S+, S-, J+, J-} 




eigenvalues 


-SP- 




{1,1,2,2} 


-0.0752496 


0.044125 


0.0155623 


2 x -0.0155623 


{1,2,2,1},{2,1,1,2} 


±0.0454059 


±0.0142814 






{2,2,1,1} 


0.0752496 


-0.044125 


2 x 0.0155623 


-0.0155623 



Table 13: Numerical results for the first order correction in 1/P+ of the string energy 
spectrum for three impurity states with confluent mode numbers mi = rri2 = 3, 7113 = —6. 
The number in front of some eigenvalues denotes their multiplicity if unequal to one. 
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